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Partition regularity

Definition
Let S be a set, n,m € N and sp € S be arbitrary, and
fi,-+,fn:S" — S be functions. The system of equations
f]_(S]_, o 75n) = S
: (1)
fm(S1,-++ ,50) = %0

is partition regular (p.r.) if for any partition S = |J_; G;, there
is some 1 < jop < r for which Cj; contais a solution to the system
of equations in (1).
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Positive results 1/2

The following systems of equations are partition regular over N.
1) x + y = z, Schur 1916 [12]
2) van der Waerden 1927 [13] (arithmetic progressions or A.P.s)

X1 —Xo = Xo— X3
Xp—2 — Xp—1 = Xp—1— Xp

3) Brauer 1928 [3] (A.P.s and their common difference)

X1 — X2 = Xo

Xp—1 —Xnp = Xo
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Positive results 2/2

4) Rado 1933 [10] classified which finite systems of linear
equations are p.r.

5) x —y = p(z) with p(z) € zZ|z], Bergelson 1996 [1] (page 53)
6) Bergelson, Moreira, and Johnson 2017 [2], for p;(x) € xZ[x]

X1 —Xo = Pl(Xo)

Xp—1 — Xnp = pn—l(XO)

7) x?> — y? = z, Moreira 2017 [8]
8) z = x”, Sahasrabudhe 2018 [11]
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Negative results

The following systems of equations are not partition regular over N.
1) 2x + 3y = z, Rado 1933 [10]
2) Rado 1933 [10]

x+3y = 7

xX+2y = 2z

3) x +y = z2 (ignoring 2 + 2 = 22), Csikvari, Gyarmati, and
Sérkozy 2012 [5]

4) x — 2y = 72, Di Nasso and Luperi Baglini 2018 [6]

5) x> — 2y? = z, Di Nasso and Luperi Baglini 2018 [6]
)x+y=w z2 F. and Magner 2022 [7]

) 2x + 3y = wz?, F. and Magner 2022 [7]

)

F. and Magner 2022 [7]
x1+ 17y = wyzi®
9% 4+ 18y, = W2222

Sohail Farhangi A review of Ramsey Theory on semigroups P.R. Systems of Polynomial Equations 6



Open problems

The partition regularity of the following systems of equations over
Nis not known.

1) x? + y? = z? (VERY popular)

2) a(x® — )— bz? +dW (important, cf. [9])

3) 3+y —|—z = w3 (cf. [4])

)x +y3+23 3xyz:W3

5) x*

6)

N

+y*+ 2 = w* (cf. [4])
(VERY popular, cf. [8])

w = Xy
zZ = X+y

7) 2x — 8y = wz? (cf. [7])
8) (cf. [7])

16x; + 17y = lef

33 — 17y, = wpZd
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Thick sets and syndetic sets

A Semigroup is a pair (S,-) where - : S x S — S is an associative
operation. For our purposes, we will only focus on the semigroups
(N,+),(N,-),(R,+), and (R, ), where R is the ring of integers of
some number field K := Q[a]. For s € S and A C S we define
sA={salacA}ands!A={aec S|sac Al

Definition

Let (S,-) be a commutative semigroup and A C S. The set A is
thick if for any finite set F C S we have (. f'A # 0. The set
A is syndetic if there exists a finite set F C S such that

Urer FIA=S.

The set Ay = U ,[n?, n® + n] is a thick set in (N, +), the set
Az = 2N is a syndetic set in (N, +). For any (¢,)%2; C N, the set
A =X {capt - ptn |0 < b < nV 1< i< n}is thick in
(N,-). The set Ay = {n € N | va(n) =0 (mod 2)} is syndetic in
(N,-). Exercise: The squares are not syndetic in (N, ).




Piecewise syndetic sets and thickly syndetic sets

Definition

Let (S,-) be a commutative semigroup and A C S. The set A is
piecewise syndetic if A= B N C for some thick set B and some
syndetic set C. The set A is thickly syndetic if AN A" £ () for
any piecewise syndetic set A’

Let (S,-) be a commutative semigroup and A C S.
(i) The set A is piecewise syndetic if and only if there exists a
finite set F C S for which | J;.p A is thick.
(i) The set A is thickly syndetic if and only if for any finite set
F C S the set (\;.p f 1A is syndetic.

Exercise: The set A of squarefree numbers is not a piecwise
syndetic set in (N, +), and A€ is a thickly syndetic set.
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Ramsey theoretical properties of large sets

If (S,-) is a commutative semigroup and A C S is piecewise
syndetic, then for any partition A = |J;_, A;, at least one of the A;
is piecewise syndetic.

Let (S,-) be a commutative semigroup and suppose that F is a

translation invariant system of equations. (For example,

x +y =2z over (N,+) or xy = 22 over (N,-)) The following are

equivalent:

(i) F is partition regular over S.

(ii) For any pieceiwse syndetic set A C S, F has a solution
contained in A.

(iii) For any very strongly central set A (a special kind of syndetic
set) F has a solution in A.
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Difference of squares generate mult. thick sets

Let R be an infinite integral domain and A C R. If A is 'A.P."-rich
(which is implied by additive or multiplicative piecewise
syndeticity), then B := {x> — y? | x,y € A} is multiplicatively
thick.

Let R be an infinite integral domain with field of fractions K. For
any ¢ € K\ {0}, the equation
X2 — 2
c= (2)

is partition regular.
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First main theorem 1/4

Theorem: Let R be an integral domain with field of fractions K
and n,m € N arbitrary.

(i) Forany co,c1,- -+ ,cm € R\ {0}, the system of equations
below is partition regular over R, as it will contain a solution
in any 'A.P."-rich set A.

a1+ G x? —y?
a w2z
: (3)
Cm + Co X2 =y
Cm w2z
PR, Systems of Polynomial Equations 12



First main theorem 2/4

(ii) Forany c1, -+ ,cm € R\ {0}, the system of equations below
is partition regular over R, as it will contain a solution in any
multiplicatively piecewise syndetic set A.

w

_ Wi 2
C1 5 (Xf — 1)
(4)
_ W a2
Cm z (Xm .ym)

(iii) For any distinct ¢1,c; € Z \ {0}, the system of equations
below is not partition regular over N.

W-
A (5)
Q= %( 2 _)’2)

23
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First main theorem 3/4

(iv) Forany ci, -+ ,cm € R\ {0}, the system of equations below
is partition regular over R, as it will contain a solution in any
multiplicatively piecewise syndetic set A.

x> =y}
aGq = ——
dwzy
(6)
2 2
X _—
¢, = Ym
dwz,,

(v) For any distinct ¢1, ¢, € Z \ {0}, the system of equations
below is not partition regular over N.

X2 _ yz
aqQ=—
W1 2z7 (7)
2 2
X =Yy
=
Ws 2>
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First main theorem 4/4

(vi) Suppose that f,--- , f, : K" — K are homogeneous of
degree 1. The system of equations below is partition regular
over R, as it will contain a solution in any multiplicatively
piecewise syndetic set A.

Zfl(tla"' 7tn) - X]?_.y]?
: (8)
me(tla"' 7tn) = Xr2rl_yr2n

(vii) And if f, -+, f, : K" — K are homogeneous of degree 3,
then the same is true of the following system of equations:
At 1) = 204 = ¥7)
: (9)
fm(tla R tn) = Z(Xr2n - yr2n)
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Example 1/2

The following system of equations is partition regular over 7.

z(2r+3t)=x¢ — yf

z(3r+2t)=x3 — y3

z% —x2 — 2 (10)
t2
“ =X; — Vi
3 3
S5r> — Tt 5 9

X5 — V5
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Example 2/2

Corollary

The following system of equations is partition regular over Z.

R =2~ )
£ =203 - %)
P+ =z —y3) (11)

2r3 —3r2t +7rt? — t3 = z(xZ — y2)
t r 5r4—|—7t4

) 1o () 20 e
{ 7)) oy =17 — A6 %)
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Future work 1/3

Let R be an infinite integral domain and AC R. If A is
multiplicatively syndetic, then B := {x®> — y? | x,y € A} is
multiplicatively thickly syndetic.

Corollary

The following system of equations is (will be) partition regular over
N.

zZ2 = wiq —yf)

_ 2 2
wz = ;- y;

(12)

In general, an affirmative answer to Conecture 11 would allow us
to combine many of the previous P.R. systems of equations into
even bigger P.R. systems of equations.
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A cubic form generating mult. thick sets

Let R be an infinite integral domain containing a solution ( to
x>+x+1=0and ACR. If Ais 'A.P.rich, then
B :={x3+y3+ 2% —3xyz | x,y,z € A} is multiplicatively thick.

Corollary

Let R be an infinite integral domain containing a solution ( to
x>+ x+1=0 and let K be its field of fractions. For any
c € K\ {0}, the equation

_ X3 +yi +2z —3anz
XS’ ar )/23 + ZS = 3X2y222

(13)

Is partition regular.

0=x>+y>+2° = 3xyz = (x+y +2)(x+(y + (*2)(x + Py +(2)
is nontrivially partition regular over Z[(] but not Z.
T R RS EESTTD



Second main theorem 1/4

Theorem: Let R be an infinite integral domain containing a
solution ¢ to x> 4+ x +1 = 0 and let K be its field of fractions.
(i) Forany co,c1,- -+, cm € R\ {0}, the system of equations
below is partition regular over R, as it will contain a solution
in any multiplicatively piecewise syndetic set A.

a+ca  X+yi+z—3xnzn
a B+ w v - 3ymy
: (14)
Cm+C X3+ yd + 23— 3xYmzm
Cm B3+ wd 4 v = 3uw,v,,
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Second main theorem 2/4

(ii) Forany c1, -+ ,cm € R\ {0}, the system of equations below
is partition regular over R, as it will contain a solution in any
multiplicatively piecewise syndetic set A.

w
a = ;(Xf +y; + 27 — 3x1y121)
(15)

Cm = (X + Y+ 23 — 3XmYimZm)
Z

(iii) For any distinct ¢i,c; € Z \ {0}, the system of equations
below is not partition regular over Z.

a= m(x3 +y3 4+ z° — 3xyz)
“1 (16)

0= %(x3 +y3 + 2 — 3xyz)

22
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Second main theorem 3/4

(iv) Forany ci,---,cm € R\ {0}, the system of equations below
is partition regular over R, as it will contain a solution in any
multiplicatively piecewise syndetic set A.

Xty - B
27 uvwy

G =

(17)
x3 4+ y,?? + Z,3n — 3XYmZm
27uvw,,

Cnh =

(v) For any distinct ¢, c; € Z \ {0}, the system of equations
below is not partition regular over Z.
x3 4+ y3 + 23— 3xyz

thviw
x3 4+ y3 + 23— 3xyz (18)

G =

C =
U VoW
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Second main theorem 4/4

(vi) Suppose that fy, -, f,: K" — K are homogeneous of
degree 2. The system of equations below is partition regular
over R, as it will contain a solution in any multiplicatively
piecewise syndetic set A.

Zfi(ty, - ty) = X+ Y2+ 2 — 3z
: (19)
Zfp(tr, -+ ty) = x,?,+y,“:‘7+z,§,—3xmymzm

(vii) And if f,--- ,f, : K" — K are homogeneous of degree 4,
then the same is true of the following system of equations:

Aty 1) = z(x +y7 + 2 — 3xnz)
: (20)
fm(tla"' 7tn) = Z(X%—i-yri—f-z,?;,—:%memZm)
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Future work 2/3
(Conjecture |

Let R be an infinite integral domain containing a solution to

x>+ x+1=0and AC R. If A is multiplicatively syndetic, then
B :={x3+y3+ 2% —3xyz | x,y,z € A} is multiplicatively thickly
syndetic.

The following system of equations is (will be) partition regular over
N.

t4 - “'S(X]:.3 + .yl3 + Z]:? - 3X1_y121) (21)
st? = XS +y3+2z—30wn

In general, an affirmative answer to Conecture 15 would allow us
to combine many of the previous P.R. systems of equations into
even bigger P.R. systems of equations.
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Third main theorem 1/3

Theorem: Let R be an integral domain and let
A= (ai,j)lg,"jgn € Mnxn(R) satisfy det(A) 7é 0 and er-lzl arj = 0.
Let

gA(Xl, s 7X,,) = H ( a,-d-x,-> . (22)

i=1

(i) If AC R if "A.P."-rich, then
B :={ga(x1, - ,xn) | x1, -, x, € A} is multiplicatively
thick.
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Third main theorem 2/3

(ii) Suppose that fi,--- , f, : R” — R are homogeneous of degree
n — 1. The system of equations below is partition regular, as
it will contain a solution in any multiplicatively piecewise
syndetic set A.

Zfl(tlf" 7tn) = gA(Xl,la"' 7X1,n)
: (23)
me(t17 Tty tn) — gA(Xm,17 e 7Xm,n)

(iii) Andif f;,--+ ,fn : R" — R are homogeneous of degree n+ 1,
then the same is true of the following system:

f;l.(tly'” 7tn) = ZgA(Xl,la"' 7X1,n)
: (24)

fm(tlv Tty tn) — ZgA(Xm,17 e 7Xm,n)
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Third main theorem 3/3

Let A = (a,-,j)lg,-,jg,, € M,,X,,(Z \ {0}) be such that for1 < i<n
and | C[1,n], we have 3., a;; # 0 unless |I| <2 or a;; =0 for
somej € l. ForQ# 1 C[1,n] let ¢ =T[;, (3> ¢, aij) If

c € R\ {q}, then

n+1

ct" = zga(xy, -, Xn) (25)

is not partition regular over N.
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Future work 3/3

(i) For what a,b,c,d € Z \ {0} is the equation

7> = w(ax + by)(cx + dy) (26)

partition regular over N7

(ii) In the previous theorem is the condition that » 7 a;; =0 a
necessary condition? How about the fact that A has nonzero
entries? Moreover, if A is multiplicatively syndetic, will B be
multiplicatively thickly syndetic, or will that require additional
assumptions of A?
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